Abstract. The eigenvectors of an ergodic semigroup of linear normal positive unital maps on a von Neumann algebra are described. Moreover, it is shown by means of examples, that mere positivity of the maps in question is not sufficient for Frobenius theory as in [1] to hold.
Introduction
Frobenius theory for completely positive maps on von Neumann algebras was developed in [1] (further contributions to this subject can be found in [2] and [5] ). This theory states, in particular, that for an ergodic semigroup of completely positive (or, in fact, even Schwarz) maps on a von Neumann algebra its point spectrum forms a group, and the corresponding eigenspaces are one-dimensional and spanned by a unitary operator. The aim of this paper is to investigate the structure of the point spectrum of a semigroup of positive maps on a von Neumann algebra. Namely, we prove that the eigenvectors are either multiples of a partial isometry or linear combinations of two partial isometries or multiples of a unitary operator from this algebra. As for Frobenius theory, we show by means of examples, that there is a whole class of semigroups of positive maps on a von Neumann algebra such that their point spectra are not groups and the corresponding eigenspaces have dimensions greater than one.
Preliminaries and notation
Let M be a von Neumann algebra, and let (Φ g : g ∈ G) be a semigroup of linear normal positive unital maps on M. We shall be concerned with two cases: G = N 0 -all nonnegative integers, and G = R + -all nonnegative reals (notice that in the first case the semigroup has the form (Φ n : n = 0, 1, . . . ), where Φ is a linear normal positive unital map on M).
A complex number λ of modulus one is called an eigenvalue of the semigroup, if there is a nonzero x ∈ M such that for each g ∈ G (1)
The collection of all x ′ s such that (1) holds is called the eigenspace corresponding to the eigenvalue λ, and denoted by M λ . In particular, M 1 is the fixed-point space of the semigroup, and the semigroup is called ergodic if M 1 consists of multiples of the identity. The set of all eigenvalues of the semigroup is called its point spectrum, and denoted by σ((Φ g )). Let ω be a normal faithful state on M such that for each
The part of Frobenius theory developed in [1] which is of interest to us, states that in this case, if we assume that (Φ g : g ∈ G) is ergodic and the maps Φ g are two-positive, the point spectrum is a group, and the corresponding eigenspaces are one-dimensional and spanned by a unitary operator. A natural question is if the same is true under the assumption of mere positivity of the maps Φ g . We shall show that this is not the case for the group structure nor for the dimension of the eigenspaces.
Let N be the σ-weak closure of the linear span of λ M λ , where the sum is taken over all eigenvalues of (Φ g ). Then according to [3, Theorem 1] N is a JW * -algebra, by which is meant that N is a σ-weakly closed linear space, closed with respect to the Jordan product
meaning that x * ∈ Mλ, and for x ∈ M λ 1 , y ∈ M λ 2 we have
In particular, for an eigenvector x we have
Main theorem and examples
In the following theorem we describe the eigenvectors of (Φ g ).
Theorem. Assume that (Φ g ) is ergodic, and let x ∈ M λ be an eigenvector of (Φ g ). Then one of the following possibilities holds: 
where α ∈ C, and u is a unitary operator in M λ .
Let us begin with a simple example.
tr, and let λ 0 ∈ C be such that The same conclusion may be obtained for the semigroup (Φ t : t 0) defined as
thus giving a corresponding example in the continuous case.
Remark. The triple (B(C 2 ), (Φ t ), ω) from the above example constitutes what in [2] is called an irreducible W * -dynamical system. In [2, Theorem 3.8] it is proved that under the assumption that the Φ t 's are Schwarz maps every such system on the full algebra has trivial point spectrum (i.e. consisting only of 1). As we see this is not the case if we assume only positivity of the maps Φ t 's. Now we construct a more involved example (in fact, a class of examples) in which we shall see that all the possibilities for the eigenvectors given in the Theorem may occur. Example 2. Let M be abelian, let ω be a normal faithful state on M, and let Ψ be a positive normal unital map on M such that ω • Ψ = ω, (Ψ n ) is ergodic, and σ((Ψ n )) = {−1, 1}. The abelianess of M implies that Ψ is completely positive (cf. [4, Chapter IV.3]), thus according to [1] the eigenspace corresponding to −1 is one-dimensional and spanned by a unitary operator u, i.e.
Ψ (x) = −x if and only if x is a multiple of u.
Put M = Mat 2 (M) -the algebra of all 2×2-matrices with elements from M,
and let λ 0 ∈ C be such that
Φ is a linear normal unital positive map on M such that ω • Φ = ω. Moreover, (Φ n ) is ergodic and
Let λ = 1 be an eigenvalue of Φ. 
so the eigenvector corresponding to the eigenvalue λ 0 is as in part (i) of the Theorem.
Moreover, we have
which is not a group under our assumptions on λ 0 .
(ii) Now take λ 0 = i. As in part (i) we have the possibilities: (ii.1) λ = −1. Then
(ii.2) λ = −1. In this case we may only have either λ = i or λ = −i. In the first case 
